
Quantum Spin Networks and their Applications: 
Illustration of Classical and Non-Classical Borderlines



Quantum and semiclassical spin networks

The traditional ingredients of quantum mechanical angular momentum coupling, 

which were developed to explain spectroscopic phenomena in atomic, molecular 

and molecular physics, are now embedded in modern algebraic frameworks  which 

emphasize the underlying combinational aspects. What were previously known only 

as 3nj-symbols (together with the related problems of their calculations, their 

general properties, their asymptotic limits for large entries) are now among the 

protagonists of modern quantum gravity and quantum computing applications under 

the general name of “spin networks”.

Further progress has also to be recorded on the established connections with the 

theory of orthogonal polynomials, of great relevance for a wide spectrum of 

applications. For quantum chemistry, the relevance lies in the development and 

classification of complete orthogonal basis sets in atomic and molecular problems, 

either in configuration space (Sturmian orbitals) or in momentum space.

The connection with the theory of orthogonal polynomials (Askey scheme) allows 

us to develop powerful tools based on asymptotic expansions – physically 

corresponding to the various levels of the semi-classical limits. Results are of use 

in molecular physics and also in motivating algorithms for the computationally 

demanding problems of chemical reaction theory, where large angular momenta are 

involved—our hyperquantization algorithm. 

The talk lists and discusses some aspects of further developments.



Spin networks
for quantum computation and quantum gravity





























Semiclassical disentangling of spin-networks: 
exact computation and large angular momentum 

asymptotics of 3nj-symbols

The venerable 3nj-symbols of quantum angular 
momentum theory, originated in applications to 
molecular, atomic, nuclear and particle physics, 
crucial to many fields of science, play  a role for 
example as spin networks in approaches to 
quantum gravity, as simulators in quantum 
computing, as discrete polynomials in 
computational science. The 3nj symbols for n>2 
and the related spin networks are built as specific 
sums of products of 6j symbols. The focus of this 
presentation is on the 9j symbol, well known in its 
role as the matrix element of the transformation 
between LS and jj coupling schemes, but 
exhibiting features  prototypical of more complex 
spin networks. Although closed form expressions 
are well known, modern applications require 
efficient computational procedures for large
values of the entries .so far based on recurrence 
schemes, but we demonstrate that direct 
summations of the defining series can now be 
efficiently performed without overflow and losses 
of precision using multiple precision arithmetics. 
This allows us to experiment numerically on the 
simplest spin networks, and to check asymptotic 
formulas. 

For the 9j symbols, the first nontrivially 
“entangled” spin network, we give the basics 
of asymptotic approximations when some of 
the entries are large--the semiclassical limit 
,gathering insight on how spin networks in 
such a limit effectively “disentangle”, 
witnessing   the transition from quantum 
mechanics, accompanied by phenomena such as 
loss of coherence and localization.. Important 
are those studies which aim at understanding 
what happens when all entries become large, 
so preserving the beautiful underlying 
symmetry of these fundamental objects of 
the geometry of the quantum world. The basic 
paper is that by Ponzano and Regge (1968), 
Neville (1972) and Schulten and Gordon 
(1975). For 3j symbols, and for a general 
perspective, see our work (JPA, 2007). Here 
we study the behaviour when only some of the 
entries are large. Relevant formulas are well 
established for n=2, extremely useful in 
spectroscopic applications . Large angular 
momenta correspond to the case of discrete 
functions becoming continuous in the limit, so 
inverting the point of view, yielding discrete 
analogs  of functions of continuous variable, 
exploited in our hyperquantization algorithm. 



In the limit of six large entries, our formula leads to the product of two d matrix 
elements.  illustrating “ disentangling” of the network: the 9j arises as sum of 
products of 6j,but in the limit, the sum disappears.  This semiclassical disentangling 
may apply also to 3nj where n >3.This conjecture, certainly valid in many cases is to 
be proven for general spin networks. We can discuss this disentangling from many 
viewpoints (classical locality, wavefuction separability, decoherence) of relevance 
in quantum gravity, discrete mathematics, quantum computing. In quantum 
mechanics separability of a d-dimensional problem means expressing a wavefunction 
as a product of wavefunctions of smaller problems, otherwise you have to include 
coupling by expanding on a linear combination. Non-separability leads to 
interference, non-locality, etc. 

Computation of mathematical special functions 
and angular momentum 3nj-symbols

We have also checked the formulas numerically, establishing quantitatively their 
accuracy for approximations, or in the reverse their possible use to build up 
multidimensional discrete basis sets in applied quantum mechanics and signal 
processing.
R. Anderson and we calculate the 3nj symbols and Wigner d functions by directly 
summing the defining series using multiprecision arithmetic (MPFUN905),which 
allows convenient calculation of hypergeometric functions, of small and large 
argument by their series definition, without the necessity of using recurence 
relations, integral and rational representations, or asymptotic approximations.  


