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Umbrella inversion mode

Coordinates

C3v symmetry conservation

x

y

z

D

E

rDB

rBB

b
A

b B

b

B

bB

b

b

rAB

rEB

�g

�

Θg

Θ



Umbrella inversion mode

Coordinates

Coordinates and Hamiltonian for the AB3 umbrella inversion problem.

In spherical coordinates, xl = (rl , #l , 'l):
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where rl = ∣xl ∣ ≥ 0, 0 ≤ #l ≤ �, 0 ≤ 'l < 2�.



Umbrella inversion mode

Coordinates

Parametrization of the Radau-Smith vectors:

r1 = � cos(�2) cos(�1) ,

r2 = � cos(�2) sin(�1) ,

r3 = � sin(�2) , (2)

#1 = � cos(�4) cos(�3)
√

3 ,

#2 = � cos(�4) sin(�3)
√

3 ,

#3 = � sin(�4)
√

3 . (3)

'1 = � cos(�6) cos(�5) ,

'2 = � cos(�6) sin(�5) ,

'3 = � sin(�6) . (4)

The inversion angle:
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0 ≤ � ≤ � . (5)



Umbrella inversion mode

Reduced Schröedinger equation

C3v Hamiltonian

Kinetic energy operator:

T̂ (x) = − ℏ2

2m
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, (6)

where Δ(Ω) is the so called “Grand Angular Operator” and Ω represents
all the hyper-angles.
Reduced Hamiltonian (constraints):

Ĥ(�, �) = T̂ (�, �) + V (�, �)

T̂ (�, �) = − ℏ2
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Umbrella inversion mode

Reduced Schröedinger equation

Hyperquantization algorithm

Discrete analogous of the Legendre polynomials Pl(cos �) and

− cos(�) =
2�

M + 1
= x , (7)

where � = −M/2,−M/2 + 1, . . . ,M/2− 1,M/2 and M is the number of
discretization intervals.

Principal characteristics

Kinetic matrix tridiagonal

Potential matrix diagonal

No integrals need to be calculated
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Umbrella inversion mode

Results

Table: Geometry parameters, energies and normal mode frequencies (MP2
level) for the equilibrium and barrier configurations of NH3, from MP2 and
CCSD(T) level calculations. Values from the literature are between brackets.
Assignment of normal modes of vibrations to our coordinates is reported.

MP2/aug-cc-pVQZ
Geometry Equilibrium Barrier Barrier Height (cm−1)

rNH (Å) 1.008 (1.0124) 0.993
�g (degrees) 68.240 (67.85) 90.000
Energy (u.a.) -56.50818360 -56.50062321 1659.314

Normal modes (cm−1) Equilibrium Barrier Associated coordinate
A1, A2” 1028.67 (1022) -826.46 �
2E, 2E’ 1673.19 (1691) 1585.69 �5, �6

A1, A1’ 3527.02 (3506) 3664.49 �
2E, 2E’ 3676.50 (3577) 3889.68 �1, �2

CCSD(T)/aug-cc-pVQZ level
Geometry Equilibrium Barrier Barrier Height (cm−1)

rNH (Å) 1.013 (1.0124) 0.996
�g (degrees) 67.733 (67.85) 90.000
rEH (Å) 1.000 0.996

� (degrees) 69.629 90.000
Energy (u.a.) -56.4957326 -56.4872261 1866.961 (1845.6±46.8)
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Results

Potential energy profiles as a function of the �g angle for the NH3 system.

0

1000

2000

3000

4000

5000

6000

7000

50 55 60 65 70 75 80 85

b

b

b

b

b

b

b
b b

b

b

b

b

b
b

b b

�g (degree)

E
n
er
g
y
(c
m

−
1
)

Figure: Dots represent the values optimized with respect to the hyperradius �.
The blue curve is obtained for with � at the equilibrium value. The red curve is
obtained setting rNH at the equilibrium.



Umbrella inversion mode

Results

Table: Umbrella inversion energy levels of NH3. An hyperquantization grid of
3601 interpolated points has been used.

Our Our-PES Halonen et al Exp.(Spirko)
GS+ 0.000 0.000 0.00 0.00
GS− 1.257 1.258 0.96 0.793
�+

2 904.523 904.504 922.92 932.43
�−2 956.521 956.527 964.74 968.12
2�+

2 1545.695 1545.693 1577.97 1598.47
2�−2 1877.746 1877.792 1882.32 1882.18
3�+

2 2388.918 2388.998 2387.96 2384.17
3�−2 2925.279 2925.404 2909.76 2895.61
4�+

2 3512.634 3512.787 3485.55
4�−2 4136.877 4137.072 4093.93



Umbrella inversion mode

Results

Table: Umbrella inversion energy levels for the H3O+ system.

Our-PES Halonen et al Exp.
GS+ 0.000 0.00 0.000
GS− 59.196 52.29 55.3484
�+

2 584.979 588.31 581.18
�−2 972.321 959.75 954.40
2�+

2 1502.023 1482.12 1475.44
2�−2 2086.903 2056.61
3�+

2 2724.585 2683.15
3�−2 3406.702 3352.54
4�+

2 4127.287
4�−2 4882.156
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Results
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Figure: Umbrella energy levels of CH3 and CH−
3 systems. The energy of the

minimum configuration of the CH3 radical is above 127.515 cm−1 of that of
the anion, which presents two near degenerate energy levels under the barrier.
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Reaction

Possible approach to the substrate
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Reaction

Time Evolution
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Reaction

Time Evolution for the CH−3
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Reaction

Integral Time Evolution



Umbrella inversion mode

Reaction

CH+
3 , CH3⋅, and CH−3

Temperatures (K)
100 200 300 400 500 1000

Velocity of the CH3 in km/s
vz = (RT/m) 0.235 0.333 0.407 0.470 0.526 0.744
v = (3RT/m) 0.407 0.576 0.705 0.815 0.911 1.288

Distance ran in one umbrella inversion cycle (nm)
CH+

3 148 fs 0.060 0.085 0.104 0.121 0.135 0.191
CH3⋅ 341 fs 0.139 0.196 0.241 0.278 0.311 0.439
CH−

3 16.2 ps 6.598 9.332 11.429 13.197 14.755 20.866
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Reaction



Umbrella inversion mode

Thank you.

FAPESB
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