
















































The Doubled Hilbert Space

An operator Â : S → S can be thought of as living in a doubled Hilbert

space. Operator Â has a doubled “wave function” 〈x|Â|x′〉. The “scalar

product” of two operators Â and B̂ is

tr(Â†B̂) =

∫
dx dx′ 〈x|Â|x′〉∗〈x|B̂|x′〉.

That is,

Â ∈ H⊗H∗

instead of
Â : H → H.

For example,

D
j

mm′(g) = 〈jm|U(g)|jm′〉 = tr[(|jm〉〈jm′|)†U(g)].



The Doubled Phase Space

Let’s write D
j

mm′ = tr(Â†B̂), where

Â = |jm〉〈jm′|, B̂ = U(g).

Each of these operators lives in the doubled Hilbert space H ⊗H∗, so
they must be supported by Lagrangian manifolds in the doubled phase
space,

Φ× Φ∗ = C
2 × C

2 = R
8

This phase space has real coordinates (x1, x2, p1, p2, x
′
1
, x′

2
, p′

1
, p′

2
), or

complex coordinates (z1, z2, z
′
1
, z′

2
), which can be seen as a pair of “spinors”

z and z′.



Lagrangian Manifolds in Doubled Phase Space

As for U(g), the Lagrangian manifold is the graph of the linear canonical
transformation, z = gz′ (previously plotted). As for |jm〉〈jm′|, it is the

eigenoperator given by Î = j, Ĵz = m, Î ′ = j, Ĵ ′
z = m′.

|jm〉〈jm′|

z = gz′
I = j, Jz = m
I ′ = j, Jz = m′

U(g)


