








Hopf Fibration and the 2D Oscillator

Hal Haggard

1 Visualizing the three sphere

Nota Bene: This is a write-up from my younger more naive days. I hope you all enjoy it! HMH

In the physics literature the Hopf bundle is most often discussed in connection with Dirac’s
argument that the existence of a magnetic monopole would explain the quantization of electric
charge. Here I would like to give an elementary geometric description of the Hopf map and discuss
its connection to the 2D harmonic oscillator. This is an amalgamation of many results present in
the literature.

Hopf’s procedure shows how to project the three sphere S3, which consists of all points of R
4

with unit distance from the origin, onto the two sphere S2, the usual surface of a ball in space,
R

3. The inverse image of a projected point p ∈ S2 is an entire circle of points S1 ⊂ S3. The full
argument shows that S3 is a circle or U(1) bundle over the base space S2; the circles sitting over
each point of the S2 are linked one with the next, once and only once. There is also a sense in
which a set of tori that appear in the description of the the three sphere are linked.

Let us begin by visualizing S3, represent a point of R
4 by the cartesian vector (x1, p1, x2, p2).

Notation simplifies a bit if we consider this vector as a pair of complex numbers z1 ≡ x1 + ip1,
z2 ≡ x2 + ip2, so that the vector (z1, z2) is an element of C

2 ∼= R
4. For this vector to lie on the

three sphere it must satisfy,
|z1|

2 + |z2|
2 = 1,

or in terms of a polar representation z1 = r1e
iξ1 , z2 = r2e

iξ2 ,

r2
1 + r2

2 = 1.

This relation is conveniently parametrized in terms of trigonometric functions, let r1 = cos(θ/2)
and r2 = sin(θ/2), where the range of θ is θ ∈ [0, π] in order that r1 and r2 are always positive.
Now a point of S3 is given by

(cos(
θ

2
)eiξ1 , sin(

θ

2
)eiξ2) θ ∈ [0, π], ξ1, ξ2 ∈ R.

For fixed θ, this is the cartesian product of two circles and so generically describes a torus. A nice
way to visualize these tori is by stereographic projection P : S3 ⊂ R

4 → R
3 ∪ {∞}. If we project

from the south pole (0, 0, 0,−1) then we have for q ∈ S3,

P (q) =

(

x1

1 + p2
,

p1

1 + p2
,

x2

1 + p2

)

=

(

cos( θ
2) cos(ξ1)

1 + sin( θ
2) sin(ξ2)

,
cos( θ

2) sin(ξ1)

1 + sin( θ
2) sin(ξ2)

,
sin( θ

2) cos(ξ2)

1 + sin( θ
2) sin(ξ2)

)

1
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Figure 1: A cutaway side view of several tori in the range 0 < θ ≤ π/2. The white circle represents
the degenerate torus as θ goes to 0. The yellow z-axis represents the degenerate torus as θ goes to
π.

As we will see below, the value θ = π/2 marks a boiundary between two qualitatively different sets
of tori. As the parameter θ ranges from zero to π/2 it sweeps out the nested toric leaves of a solid
torus D × S1, see Figure 1. The parameter value θ = 0 is a circle, viewed in this context as a

degenerate torus. The value θ = π
2 gives a boundary torus for which r1 = r2 =

√
2

2 , we’ll call this
boundary torus T . The parameter values, θ ∈ [π

2 , π] also sweep out a solid torus. However these
tori degenerate into a circle on S3 that goes through the south pole and hence is projected onto
an entire line, in our coordinates the z-axis. The two degenerate circles are also depicted in Figure
1. Because of this projective oddity viewing these tori as nested requires a dual point of view; you
look at the tori from “inside”, see Figure 2. This can also be visualized by choosing a different

Figure 2: The solid torus viewed from “inside”. An outer torus has been cut up so that you can
see the torus lying beneath it. As you proceed further in to deeper tori eventually you reach the
degenerate line depicted in yellow in Figure 1.

point from which to stereographically project, see Figure 3. The Tori are also clearly linked with
one another from this point of view. This completes our visualization of S3, we proceed to the
Hopf fibration.
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Figure 3: Two tori, one from each family are projected after a π/2 rotation in the p1p2 plane. The
transition from one family to the other is shown as a cut away torus transitions through various
values of θ. The central picture is the bounding torus T .



2 HOPF FIBRATION 4

2 Hopf fibration

There is a very simple group action of the circle, denoted in this section by U(1), on the three
sphere. This action simply multiplies all the coordinates by an element g ∈ U(1),

g · q = g · (z1, z2) = (g · z1, g · z2).

This is a group action, which can be demonstrated simply:

g1 · (g2 · q) = (g1g2) · q e · q = q.

The orbit of a point q is given by q · g as g takes on each value in U(1). The idea of the Hopf
map is to identify all of the points on this orbit – to quotient out the S1 generated by the group
action described above. The group action becomes trivial when acting on ratios of the two complex
coordinates. Let us define the map r : C

2 → C
∗ by

r(z1, z2) =
z1

z2
=

r1

r2
ei(ξ1−ξ2).

This map takes us down from the three sphere to the projective plane. To complete the definition
of the Hopf map we use the inverse of stereographic projection to take the points of the plane to
the sphere. The inverse projection from the north pole is given by,

φ−1
NP (x, y) =

(

2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
x2 + y2 − 1

1 + x2 + y2

)

=

(

z + z̄

zz̄ + 1
,
i(z̄ − z)

zz̄ + 1
,
zz̄ − 1

zz̄ + 1

)

The composition of these two maps gives us the Hopf map, h = φ−1
NP ◦ r : S3 → S2,

h(z1, z2) = (z1z̄2 + z̄1z2, i(z̄1z2 − z1z̄2), |z1|
2 − |z2|

2).

We pause briefly to compute this in our coordinates on R
4 and in the parametric coordinates

(θ, ξ1, ξ2):
h(x1, p1, x2, p2) = (2(x1x2 + p1p2), 2(x2p1 − x1p2), x

2
1 + p2

1 − x2
2 − p2

2).

In the parametric coordinates we have,

z1z̄2 + z̄1z2 = cos(
θ

2
) sin(

θ

2
)
[

ei(ξ1−ξ2) + e−i(ξ1−ξ2)
]

=
1

2
sin θ[2 cos(ξ1 − ξ2)] = sin θ cos φ,

where the shorthand φ ≡ ξ1 − ξ2 has been introduced. The others are,

h(θ, ξ1, ξ2) =

(

sin θ cos φ, cos

(

θ

2

)

sin

(

θ

2

)

i
[

e−i(ξ1−ξ2) − ei(ξ1−ξ2)
]

, cos2
(

θ

2

)

− sin2

(

θ

2

))

= (sin θ cos φ, sin θ sin φ, cos θ) ,

which is immediately recognizable as the polar parametrization of the sphere S2.
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2.1 2D Oscillator

The Lagrangian for the 2D harmonic oscillator is,

L =
1

2
m
(

ẋ2
1 + ẋ2

2

)

−
1

2
k
(

x2
1 + x2

2

)

.

Generically the spring constant and masses of the oscillators are different. Here we’ll consider the
case where they are the same, this is sometimes called the 1:1 resonance case. We can choose units
of time such that the natural frequency ω0 =

√

k/m is equal to one and units of mass such that
m = 1; then we also have k = 1. In this system of units the Lagrangian is

L =
1

2

(

ẋ2
1 + ẋ2

2 − x2
1 − x2

2

)

.

The canonical momenta are,

p1 =
∂L

∂ẋ1
= ẋ1 p2 =

∂L

∂ẋ2
= ẋ2,

and the Hamiltonian is,

H = piẋi − L =
1

2

(

x2
1 + p2

1 + x2
2 + p2

2

)

.

Hamilton’s equations are,

ẋ1 =
∂H

∂p1
= p1 ṗ1 = −

∂H

∂x1
= −x1

ẋ2 =
∂H

∂p2
= p2 ṗ2 = −

∂H

∂x2
= −x2

The first set of these equations has the usual solution:

x1(t) = x1(0) cos t + p1(0) sin t

x1(t) = p1(0) cos t − x1(0) sin t.

This is a circle in the x1−p1 plane which is conveniently regarded as the complex plane z1 = x1+ip1

(Note: Our definitions lead to the slight oddity that the circle is traversed in a clockwise sense.)
Because the Lagrangian has no explicit time dependence the total energy E = H is conserved.

Each of the oscillator’s energies is also separately conserved, so we can construct a second indepen-
dent constant of the motion by considering the energy difference:

J3 =
1

2

(

x2
1 + p2

1

)

−
1

2

(

x2
2 + p2

2

)

.

Further, the angular momentum is conserved by the dynamics as is the quantity 2(x1x2 + p1p2)
which you can confirm by direct calculation. I called this last quantity the correlation in my
undergraduate thesis. But these three quantities are precisely the coordinates on the quotient
space calculated above. The S2 of the hopf fibration is the space of motions of the 2D harmonic
oscillator.

3 Linkage of the Hopf fibers

I never got around to completing this section but there are some pretty pictures I made. The basic
idea is that each of the fibers of the hopf fibration links all of the others once.
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Figure 4: Broadened Hopf fibers are sequentially added to demonstrate how each fiber is linked to
the next without crossing it.
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Figure 5: The same fibered torus from a top view and a side view.


