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Appendix D
Vector Calculust

1. Introduction

In the following we let f be a scalar field and A a vector field.

2. Differential Operators in Rectangular Coordinates

The components of A are given by

A=A %+ A, §+A. %

Then of of of
Vf:%x—i-a—yy—i-%z,
(04,  0Ax\ . 04, 0JAy\ .
VXA—(%‘a—y)“(a—y‘@)H
_0A, 0A, O0A,
VA= ox + oy + 0z
and

3. Differential Operators in Cylindrical Coordinates

Cylindrical coordinates are (p, ¢, z), defined by

T = pcos o,
y=psing,
z=z.

The orthonormal frame of associated unit vectors is

p=cospX+singy,

é&: —singX 4+ cos¢y,

N>
Il

z,

1 Links to the other sets of notes can be found at:

http://bohr.physics.berkeley.edu/classes/221/2122/221 .html.
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with
px¢ =12
Define the components of A by
A=A, p+Asp+ A,z

Then of 10/ . of.
sza +——¢¢>+—
(104, 0Ay\. 0A, 0A,\, 110
VXA‘(; 96 _W) (az ap)¢ ;{a_p
10 104, aA
V-A=-—(pA,)+-=2
pap(” ») P
and

of\ 1 0%f a2f
pap( 8p)+ 28¢2+ '

Also, the following Jacobians are sometimes useful:

Vif =

cos¢p —psing 0
= | sin¢g pcos¢p O],
0 0 1

where the rows are labeled by (zyz) and columns by (p¢z), for example, 0x/d¢ = —psin ¢.

inverse Jacobian is
cos¢ sing O
ppz) _sin¢g cos¢ 0
dwyz) P P
0 0 1

4. Differential Operators in Spherical Coordinates
Spherical coordinates are (r, 8, ¢), defined by

x = 7sin 6 cos ¢,
y = rsinfsin ¢,
z=rcosf.

The orthonormal frame of associated unit vectors is

sinf cospx + sinfsin ¢y + cos b z,

r=
0= cosfcospX + cosfsingy —sinf z,
qZ) = —singx+cosgy,

with

4>
X
D>
Il
<

(15)
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Define the components of A by

A=A.i+A40+A,0. (19)
Then 8f ) 8f of
1 .
vi= or Tt _% rsinﬁa_(b (20)
1 0 0Ag1. 17 1 0A., 0 P 0 0A,
VXA = rsind 3_(A¢Sm6) oler } _{sm@a—gb_E(TAqﬁ)}0+_{8_(TA9)_ 00 ¢, (21)
1 0 1 0A
DA = — (2 el
VoA r2 Or (rAr) + rsin @ 00 (Agsin6) + rsinf ¢ ’ (22)
and )
5 0f 1 . 0f 1 o°f
2 ZJ
V= 231"( 3r)+r251n989( 89)+r23in293¢2' (23)
The following Jacobian matrices are sometimes useful:
sinfcos¢p rcosfcos¢p —rsinfsing
Oxyz) [ . .. . :
= | sinflsin¢g rcosfsing rsinfcos¢ |, (24)
A(ro¢) .
cosf —rsind 0
and its inverse,
sinfcos¢p sinfsing  cosf
A(réo) | cos fcos¢ cosfsing  sinf (25)
o(zyz) " " " '
__ sing cos ¢ 0
rsind rsin 6

5. The Line Element

Let two nearby points have coordinates (z,vy,z) and (z 4+ dx,y + dy, z + dz), or (r,60,¢) and
(r+dr,0 4+ df, ¢+ do), ete, depending on the coordinates. Let ds be the distance between the two

points. Then, in the various coordinate systems, we have

ds* = da? + dy® + d2?, (26a)
=dp* + p? dp* + dz?, (26b)
= dr® +r? d6* + r? sin® 0 d¢°. (26¢)

Dividing this by dt2, we get the square of the velocity, v> = v - v, expressed in terms of the time

derivatives of the coordinates. This gives

0 =@ 4?4 2 (27a)
PP o)
— 2 41262 1 12 sin? 0 42, (27¢)

From the components of the line element one can read off the components of the metric tensor.
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6. Vector Calculus in Two Dimensions

In two dimensions the usual coordinates are either rectangular, (z,y) or polar (p,$). The
coordinate transformation and formulas for the unit vectors (p, @) are obtained from Eq. (6) and
(7) simply by omitting the terms referring to z or z. The formulas for Vf, V- A and V2f can be
obtained from those in Secs. 2 and 3 simply by omitting the terms that refer to z or A,. As for the
curl of a vector field, VXA, in two dimensions it can be regarded as a scalar that is identified with
the z-component of the corresponding three-dimensional formulas, (3) or (11). The line element in

two dimensions is given by Eq. (26b), omitting the term referring to z.



