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Bethe had been asked to prepare a brief talk on the infrared problem for
the Shelter Island conference. His presentation took place on the second day of the
conference—and included a review of the papers by Bloch and Nordsieck ( 1937),
Pauli and Fierz (1938), and Bethe and Oppenheimer (1946) (Breit 1947b). Bethe
comments that after hearing Lamb’s and Kramers’s presentations and the discus-
sions these generated he knew how to make a nonrelativistic calculation and was
eager to do so throughout the conference.'® He summarized these discussions in
his paper:

Schwinger and Weisskopf, and Oppenheimer have suggested
that a possible explanation might be the shift of energy levels
by the interaction of the electron with the radiation field. This
shift comes out infinite in all existing theories, and has there-
fore always been ignored, However, it is possible to identify the
most strongly (linearly) divergent term in the level shift with
an electro-magnetic mass effect which must exist for 2 bound
as well as for a free electron. This effect should properly be re-
garded as already included in the observed mass of the elec-
tron, and we must therefore subtract from the theoretical ex-
pression, the corresponding expression for a free electron of the
same average Kinetic energy, The result then diverges only log-
arithmically (instead of linearly} in non-relativistic theory: Ac-
cordingly, it may be expected that in the hole theory, in which
the main term (self-energy of the electron) diverges only log-
arithmically, the result will be convergent after subtraction of
the free electron expression.® This would set an effective upper
limit of the order of mc? to the frequencies of light which effec-
tively contribute to the shift of the level of a bound electron,
I have not carried out the relativistic calculations, but I shall

assume that such an effective relativistic limit exists. {Bethe
1947)

Bethe followed the general ideas of Kramers on mass renormalization.
Explicitly this meant that in the quantum-mechanical treatment of the self-energy
of a free particle one should interpret the second-order contribution AW ,eq.(5.6.1),

~ . as a contribution to the mass of the charged particle. In other words, the zeroth and

second order combine to give the energy, {2;, of the particle with mass m

P P’
= === 6.2
W = Wy + AW o Tr— (5.6.2)
AW = - iz - (5.6.3)
: 2m0
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“ Ineq. (5.6.2) m = my + p is the observed mass of the charged particle, mg is its
“bare” mass, and

[}

4
n=3

|

2 0
~ L dk . (5.6.4)

[

is the linearly divergent contribution (5.6.1). In any experiment it is only the ob--

served mass m that can be measured, and any distinction between m, and w 1s
meaningless. All observable quantities must therefore involve only the observed
mass. Hence any reference to a mass other than the total observed mass must
‘be eliminated in all equations. This is what Kramers’ mass renormalization
meant. - .
The actual calcutation of the nonrclativistic Lamb shift was made on a
train ride from New York to Schenectady. Bethe had stayed in New York after

the Shelter Island conference to visit his mother, and had gone on to Schenectady

to consult for General Electric. The calculation is straightforward (Bethe 1947),
The self-energy of an electron in a quantum state m, due to its interaction with the
radiation field, is

2e° V|2
W: ——— wilFa
3ﬂﬁ3j dyE—E e (5.6.5)

where & = fiw is the energy of the photon that is emitted and reabsorbed by the
electron, and

v=p/m= ¥ (5.6.6)

is the velocity operator of the electron. For a free electron, v only has diagonal
elements and {5.6.3) is replaced by

22

Wo == 3o

[ kdkv*/ k. (5.6.7)

~Now W, “represents the change of the Kinetic encrgy. of the electron for fixed mo-
. mentum, due to the fact that electromagnetic mass is added to the mass of the
electron. This electromagnetic mass is already contained in the experimental elec-
tron mass; the contribution (5.6.7) should therefore be disregarded. Fer a bound
electron, v2 should be replaced by its expectation value (v2)p."® Butsince

A e (o : (5.6.8)
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the relevant part of the self-energy becomes

P _ _ |vmn| (EI! m)
we=w Wﬂ_3'nﬁ3j Z E,—E,+k

which expression Bethe considered “the true shift of the levels due to interactions.”
This expression diverges logarithmically as K — <, Bethe, with characteristic
self-confidence, next assumed that a relativistic hole-theoretic calculation would
provide a natural cutoff for the frequency X at energies -

(5.6.9)

2

K = mc”. . (5.6.10)

Upon performing the k integration,

= —2-62—21‘, PE, - En) tn —& (5.6.11)
3ﬂﬁc‘3 — mn n m IE,, _ E,,,I . 0.

Since the argument in the logarithm is very large, Bethe assumed it to be constant

(independent of n} in first approx1matlon The sum over n can then be performed
and ylelds

> panl By ~ En) = 21 12eZ 42,0), (5.6.12)

where 1,,(0) is the wave function of the electron at the position of the nucleus. The
shift {to this approximation) is therefore non-zero only for S-states, and in this case

8 (A2V_ z¢ K
w o= 2[5 Zmoe— 6.13
i 371'(fic) Ry < E, —E, > a. (561).

where Ry is the Rydberg energy a’mc?/2,a = &* /ﬁc This is the expression that
Bethe had obtained on his arrival at Schenectady. He was not quite confident of its
accuracy, because he was not quite sure of the correctness of a factor of ﬁ in his
expansion of the radiation operators in terms of creation and annihilation operators.

This he checked on Monday morning in Heitler’s book. He also got Miss Steward
and Dr. Stehn from GE to evaluate numerically < E,, —E,, > 4,. for the 2s state. It

was found to be 17.8 Ry, “an amazingly high value.””?! Inserting this into (5.6.13),
Bethe found

W, = 1040 megacycles, (5.6.14)

“in excellent agreement with the observed value of 1000 megacycles” (Bethe
1947).

003/017
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5.7 Relativistic Lamb Shift Calculations: 1947-1948

As soon as Bethe completed and circulated his calculation indicating that
a major part of the Lamb-Retherford experimental result on the 2s-2p level shift in
hydrogen could be explained as a nonrelativistic quantum-electrodynamical effect,
the task at hand became to carry out a relativistic calculation using the full hole
theoretic formalism to justify Bethe's introduction of the cutoff K = mc?—amuch
more difficult undertaking,

French and Weisskopf at MIT continued their calculation, but now made
use of Kramers® idea and thus simplified somewhat the subtraction of infinities.
(Their approach will be detailed in section 5.8.) At Cornell, Bethe assigned the
problem to one of his graduate students, Scalettar. Lamb at Columbia started on a
hole-theoretical calculation during the early part of the summer of 1947, and was
soon joined by Norman Kroll. Similarly, Fermi, who was spending the summer
1947 at Los Alamos, upon receiving a copy of Bethe’s preprint explored a rela-
tivistic calculation. His first step was to understand the Bethe calculation—which
he redid, in collaboration with Uehling, who was also visiting Los Alamos, but
they obtained an expression for the Lamb shift which was 4/3 times larger than
Bethe’s formula. “The factor 4/3 [was] due...to the inadequacy of our assump-
tion that the [intermediate] states can be described by plane waves,”?? Fermi wrote ) t. Dirac, by Feynman. (Courtesy M
Uehling after speaking to Bethe. Furthermore: Archives, California Institute of Technolos

A point that is not explained in Bethe’s paper but which he ex-
plained to us in Los Alamos is the procedure for justifying that
the recoil of the light quantum can be disregarded.

This can actually be done by using an only slightly
more complicated sum rule and I do not understand why Bethe
did not follow this more complete procedure?’ in writing his pa-
per since it would have made the result more convincing.

Fermi continued:

The point that still is quite unsatisfactory is of course the up-
per limit of the logarithm in Bethe’s formula (11). Apparently
several people (Bethe, Weisskopf and Schwinger) have tried un-
successfully to carry out a relativistic calculation of this upper
limit. Also Teller and I tried the same and we believe that we
. have a method that seems to be practical though probably far
from simple. )
This method consists in describing the [intermediate]
...state n as plane waves plus a first approximation [Coulomb] . .
correction which is necessary and sufficient to correct for the - 2. Dirac, Su:
factor 4/3 discussed above.>* ‘ AlP Niels Bo
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Fermi gave the problem “of the electromagnetic energy level shift in
the relativistic case” to Marvin L. Goldberger, who was a graduate student at
: Chicago at the time. Goldberger wrote Bethe in early October 1947 to ask.him
whether “our work is sufficiently different to warrant both Mr. Scalettar and me
{ to work on the problem. Clearly, if our work is merely repetition of his, we will
drop our program.” The approach Geoldberger was to employ was the Fermi-Teller
proposal to use “for the intermediate state [in the hole theoretic generalization -
of the Z|pm|*(Ex — Ep,) term in the Bethe formula] the first order Coulomb
perturbation of the plane waves...{since] with this device the problem appears
to be not toe difficult.”? ,

Bethe promptly answered him and informed him of the following:

We are using a very similar method to yours which effectively
: amounts to a Bom approximation on the intermediate state.
. % ' However, the calculation is by no means simple even with this
] method . ... In some calculations which I did in August, T was
able to .. . demonstrate the convergence of the result. Moreover,
I found that the result is similar to the nonrelativistic case.
Scalettar is now checking my arguments and especially calcu-
lating explicitly the result in order to obtain the numerical value.
There are approximately twenty different terms which have to
be integrated. ... :

Because of the considerable complication of the calcu-
lation I should find it desirable that the calculation be done at
several places independently. You may be able to find a sim-
ple method. The main reason against further duplication is that
in addition Scalettar, also Weisskopf and Lamb are engaged in
similar calculations.26

Evidently Goldberger dropped the problem. In addition to Weisskopf and French,
Kroll and Lamb, and Bethe and Scalettar, others also began work on the problem.
Schwinger, who had gotten married right after Shelter Island and for nearly two
months thereafter traveléd throughout the United States on his honeymoon, started
on such a calculation in late July; it will be presented in chapter 7. In Switzerland,
Jost and Luttinger “calculated the [relativistic] line shift {for a spin 0 particle] and
also found that it is finité.”*” Andin Japan, Tomonaga and his collaborators, and in-
dependently Nambu, started on such a calculation early in 1948 (Tomonaga 1948;
Nambu 1949; Hayakawa 1988). All these workers proved that a hole-theoretical
calculation of the 22§, j2~ 22p, /2 displacement gave a convergent answer, How-
ever they all also concluded that the formal relativistic invariance of the Dirac,
Heisenberg, Pauli, and Weisskopf formulation of quantum electrodynamics “is to
some degree illusory in that all self-energies diverge logarithmically, so that the
difference of two energies such as W(2%8, /2) and w2ip, /2), although finite, is
not necessarily unique” (Kroll and Lamb 1949, p. 388).
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‘Two new problems arise in a relativistic theory. The first is to define pre-
cisely the “free electron self-energy™ to be subtracted. The second is that unless
care is taken, the level shift seems to come out larger than the nonrelativistic (and
observed) effect by a factor of the order 1 /et ‘

The most natural ““free electron self-energy” expression to subtract would
be 8mc?B,,., where Sme? is the self-energy of an electron at rest, and Bave 1 the

expectation value of the Dirac operator 8 for the wave function of the bound state
whose energy is to be calculated:

Bave = f ¥o By dr. | (5.7.1)

The justification for this procedure is that in any covariant theory, the self-energy
of a free electron must be equivalent to a change of its rest mass, and therefore to
an extra term in the Dirac Hamiltonian of the form

S8H = 8 8mc. (5.7.2)

Or conversely, in the description of an electron interacting with the quantized elec-

tromagnetic field, one should write for the mass of the electron entering in the
Hamiltonian

mo = m—8m (5.1.3)

where m,, is the bare mechanical mass, and m is the observed, experimental mass,
The Hamiltonian is therefore ‘

H =ca p+Bmc +H" + Hip — 8mc?B, (5.7.4)

with Hy the Hamiltonian for the free radiation field and H,,, the interaction Hamil-
tonian of the electron with the radiation field.

Now, for a free electron of energy E, the expectation value of the Dirac
operator 8 is given by '

WBu/u'u = m/E. | (5.7.5)

Hence for the procedure to be satisfactory, the self-energy of the free electron must
be of the form 8mcm/E. '

“Weisskopf in his 1934 paper on the electron’s self-energy calculated the _
self-energy for an electron at rest to be equal to

_ 3 e mc* ]im.ln 2K + finite ¢ 5.7.6)
27 he Ko=' me? e terms 7.
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and indicated that “the self-cnergy of free electron in motion can be obtained by’
a Lorentz transformation from [this expression]. The direct calculation from the
above methods is ambiguous because it leads 1o a difference of terms, each of
which diverges quadratically. The factor-of the logarithmically divergent differ-

ence of these terms depends essentially on the way in which the infinite terms are

subtracted.” The expression for the self-energy of a free electron of energy E which
Weisskopf calculated in 1934 was in fact not relativistically covariant. :

Upon starting his relativistic calculation of the level shift in hydrogen in
the summer of 1947, Lamb recalculated the self-energy of a moving free elec-
tron and reported his results at a cosmic ray conference held at Brookhaven Na-
tional Laboratory in September 1947.2% He found that the divergent part of the
self-energy of a free electron of energy

E'= cp* + mic? ' (5.7.7)
is given by

382. 3 mc? i K + finite terms,
me” — In — nite term
2mhe E mc?

where K is the upper limit at which the integral over virtual photons (including
Coulomb) is cut off. However, the finite terms did not have the covariant ”‘T‘"z de-
pendence. The finite part of a divergent inlegral depends on the exact way the
integral is cut off, that is, the manner in which the upper limit is chosen. It is
possible to choose the upper limit to be a suitable functmn of p, the electron mo-
mentum, s that the finite terms are also proportional 2= me? , but such a choice would
be very inconvenient for the calculation of the self- energy of a bound electron. In
such calculations one “is virtually forced to take the integrals over a sphere in k-
space of radius K (Weisskopf 1939). It would be an accident if such a symmetric
integration led to a covariant result for the finite terms in the self-energy. Bethe -
asked Lennox, then a graduate student at Cornell, to do this calculation for the free
electron.? The result he obtained was

e md 2K 1  4;py
~ il ] - = 4+ =], 5.7.8
e E M 3In 53 T 3 9( ) ] ( )

the last term indicating, as expected, that the finite terms do not have the proper
covariance if the integration is performed symmetrically in & space. A straight-
forward application of the above subtraction procedures would then lead to the

“(incorrect) result that there are radiative corrections to the motien of a free elec-

tron of order a(i)zmc ~ aE;meuc For the bound state problem it would give a
spurious term of order o < (P—) >, that is, of order a Ry, which is 1 / a” larger
than the term Bethe calculated for the Lamb shift (Bethe 1948).

007 /017
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The hole-theoretic calculations of the Lamb shift were Intricate and in-
volved, and the lack of covariance made them suspect. “Most of our attempts at
relativistic cut-off have run into trouble. How is the calculation of the line shift?”%0

Bethe inquired of Weisskopf in early November 1947. “Our line shift calculations -
have also run into some slight trouble,” Weisskopf answered, but they seem to be

overcome and they change the upper limit a little compired to the value which I
gave you last time. I will not publish any value at this time, because of the high
fluctuations.”?!

A big breakthrough occurred with Schwinger’s calculations that con-

nected the line shift calculation with the radiative correction to the electron’s
magnetic moment. Rumors of Schwinger’s results began circulating in early
November. *? By mid-November Weisskopf wrote Bethe: *Yes, Schwinger has a
theory of corrections to the g-factor of the electron on the basis of the same idea
as the line shift. It seems to work out all right and gives rise to a small positive
addition to the g-value.”®

By early December, Bethe talked about “Schwinger’s new theory of
Quantum Electrodynamics” at a joint theoretical seminar of Rochester and
Cormnell.* Bethe had learned of Schwinger’s work  from Weisskopf, who had
given a seminar on it at Comell on December 1.35 Weisskopf in turn had been
exposed to Schwinger’s research at the weekly Harvard-MIT theoretical semi-
nar at which “Julian Schwinger dominated the proceedings with his elegant and
well organized lectures on his rapidly evolving ‘manifestly covariant’ version
of quantum electrodynamics.” But Schwinger’s insight into the connection be-
tween the anomalous moment and the Lamb shift created new problems. At the
end of December 1947 Weisskopf wrote Oppenheimer: “Julian [Schwinger] and
I are rather disturbed over the lack of relativistic invariance in our results. The
additional magnetic moment of the electron is different when you calculate it the

. way Schwinger did, namely in a magnetic field, and the way we did it, namely
as a split of P-states in the hydrogen atom. We did not make a mistake, since
Julian has calculated both things himself, and I rely on his arithmetic more than
onmy own.”*” And he added in a Bohrian vein: “I am somewhat doubtful that this
problem can be solved, and I think it is a limit in principle of the theory. Julian
thinks that he may find & way out, but he hasn’t yet,” ¥ Schwinger did find a way
out, by formulating a fully covariant version of the theory, which will be presented
in section 5 of chapter 7.

By the January 1948 meeting of the American Physical Society, much
progress had been made. Feynman had deveioped his invariant cutoff methods to
the point that the answers obtained for the anomalous magnetic mement from a
calculation of radiative corrections in a Coulomb field (Lamb shift) and in an ex-

ternal magnetic field agreed with each other. Schwinger and Weisskopf had fully -

elucidated the hole-theoretic relativistic calculation of the Lamb shift and were in
the process of obtaining a numerical value for it. Schwinger’s method consisted
“in modifying the Hamiltonian to unite the electromagnetic mass with the mechan-
ical mass of the electron,” whereas in Weisskopf’s method “the elimination of the

1008/017
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infinite self-energy” was obtained “by a snitable subtraction of the free electron
mass” (Schwinger and Weisskopf 1948). This latter method was used by French
and Weisskopf in their calculation of the Lamb shift, to which we now turn.

5.8 The French and Weisskopf Calculation

Spurred by Lamb’s experimental finding and by Bethe’s paper, French
and Weisskopf intensified their efforts to calculate the 25-2p level shift hole theo-
retically, a problem they had begun working on in the winter of 1946, The calcu-
lation was completed in the spring of 1948 and is contained in the thesis French
submitted in May of that year to MIT. The problem addressed was described as
follows: “We consider an electron in a stationary state of an externally applied
time-independent electrostatic or magnetic field. The state of the vacuum in this
system will be that where all the negative energy states are filled. Thus the phys-
ical situation in which we shall be interested wili be that where all the negative
energy states and one positive energy state are filled” (French 1948, p. 8).

The Hamiltonian for the system was taken to be

h H = Halec.rran + thmon + Hinr + Hr:ou[ ‘ (5'801)

, Y |
Heeteay = cot* (p = —Ao) + Bmioc” + eodo = Ho, (5.8.2)

where Ag, ¢y comrespond to the static external field in which the electron finds
itself:

Hopnoons) = € >, & B3 1)BA() . (583)

A=12
x

H(interaction) = —€ > By € - a[e"""/'* balk) + e/ b:(u)} . (5.8.4)
KA

where b, (x), b} (k) are the usual annihilation and creation operators for a trans-
verse photon of momentum k and polarization A, and B

' 5 w1/2
B = [Z“ﬁ C] (585

X

is the normalization factor for the expansioﬁ of the radiation field operator A(r),

A(r) = Z B,.e,\[e""/” Ba(k) + ™/ b;.c} . (5.8.6)

A=12
K
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Ineq. (5.8.1),

Hcoul = 1 eZJ @p_(’r—)d3rd3r’ (5.3.7)
2 e =]

is the electrostatic Coulomb interaction between the electrons. The significant en-

ergy of any state was defined as the difference of the eigenvalue of H in that state

and the vacuum energy. Thus French and Weisskopf calculated

W = Wocunmt1 = Waacuim. (5.8.8)

French and Weisskopf (FW) next derived an elegant formula for W valid to order ¢2

W =wX+wV (589
. 2 3 A
x Lo [ dhk <, Aty 0
W= — J = % R (5.8.10)

ac | d*k
W= i | S (s81
. I
where the primed sum >, means

> FW) = F)+FQ)+FO3) - F@4) (5.8.12)

and where

Ay = (‘P;‘ a, e/ ‘I’e> <‘Fn’i ay e ‘I',,),  (58.13)

with ey, &3, a3 the usual Dirac matrices and ary = 1. > /- Means a sum over neg-
ative energy states and 8; = E;/|E;| = *1; k,lm,n denote one electron states in
the external field Ag, do. FW call WX the exchange part, and W" the nonexchange
part of W. In terms of Feynman diagrams, W* corresponds to the contribution of
the “vertex” diagrams (fig. 5.8.1) and W that of the vacuum polartzation diagram
(fig. 5.8.2). _ _

The terms in W for A = 1,2 are the contributions frofn H;y,, that is, from .
the transverse photons; those for A = 3, 4 are those from Hpui-

Both W¥ and W¥ are divergent. The difficulty encountered by FW in their
calculations before Shelter Island was that not only was W¥ itself divergent but
“that the difference between the values of W evaluated for two different states is
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in general divergent.” Thus, since the divergence depends in general upon the state,
“a new physical idea” is needed to give finite values for the difference in energy
of two levels (French 1948, p. 27). The new idea was provided by Kramers, which
FW incorperated into their calculation in the following manner: In general, part
of the effect of the radiative corrections is to generate in the perturbation energy
terms of the form '

- 8y eo{f—ox - Ag + o),
and

82 (Bmac?),

where §; and '82 are of orderax = ;—z, and < O >>,, means the expectation value of
the operator O in the one-electron state under consideration. These radiative correc-
tions can therefore be considered as changing the (unperturbed) Hamiltonian Hy,

Ho=ca-p+pef—a- Ag+ do] + Bmoct, (5.8.14)

o
CHy=co-p+(l+8)el-0 Ao+ gl + (1 +8)mc?B. (5815

The effect of these additional terms is to “renormalize” the parameters ¢g and my
appearing in Hy to the value

m = mp(l + 8;) {5.8.16)

e = eyl + 82), {5.8.17)
which are then identified with the “observable” mass and charge. Alternatively,
the Hamiltonian (5.8.14) can be reexpressed in terms of the observed mass m =
ma + am,

011,017
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H4ca p+Bme® +Huy + Hypy — Smc?B, (5.8.18)

and 8m is determined so that a free clectron has the correct observable mass m,

The charge renormalization term that comes from WV had previously
been discussed by Weisskopf in 1936 and can readily be evaluated (Uehling
1935).*% After an infinite charge renormalization, the contribution of W¥, to first
order in the external field, was computed by FW to be

me

, o
AWN = —% {iJ e<v2¢0 - - V2A0>Av . (5.8.19)

The mass renormalization terms were, however, more troublesome. For a free elec-
tron, that is, when Ag = ¢ = 0, the perturbation ought to give exclusively a
.masslike term Wé‘ , that is, a term of the form 828moc2. As noted earlier, the di-
vergent part of the self-energy,

3o “di
Z;['Bmocz]avj _’(_’

indeed has this form. The finite terms, however, do not have this form (Weisskopf
193%)—a consequence of the divergent nature of the theory and the lack of mani-
fest relativistic invariance in making the computations. ;
Two ways are open to rectify the situation: (1) devise an invariant calcula-
tional scheme that guarantees that the self-mass 8m of a free electron is invariant,
or (2) devise a (possibly noncovariant) method which guarantees to give zero for
the self-energy of a free electron in motion calculated with the Hamiltonian (eq.
5.8.18). ' ‘
French and Weisskopf chose the second method and specified that one is
to subtract from the self-energy of the bound electron simply the self-energy of a
free electron.wave packet identical to the bound-state wave function*® Thus, if
one expands the bound-state wave function in plane waves

Yo = > alp.s) u(p) P, (5.8.20)
. ps

where s distinguishes the states of different spin and sign of the energy (s =

1,2,3,4), the free electron self-energy subtracted by French and Weisskopf is

given by

§

Wiee = 2> > a"(p,5)a(p, s'Xps|W|ps", (5.8.21)

P s5'
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where the last factor represénts the matrix element of the free electron self-energy,
Besides the usual diagonal elements s = s', there are also “off- -diagonal elements
corresponding to transitions from positive to negative energy states since the ex-
pansion (5.8.20) of the Coulomb wave functions has negative energy plane wave
components. The method was further refined, and FW proceeded on the assump-
tion that a charge symmetrized*! WX evaluated for the “bound” electron state is
the mass term to be subtracted from W (see sect, 3 of FW 1949).

In a Lamb shift calculation, the states for which the radiative corrections
are calculated are nonrelativistic, that is, states whose energy, exclusive of the rest
mass energy, is small compared to mc?, and whose momentaﬁ are small compared
to 4 = mc. In evaluating eq. (5.8.9), ¥, is treated exactly (i.e., as a state of the
electron in the field Ay, ¢p), but the intermediate states are expanded in powers
of Ag, do, regarding Ay, q.')o for these states as a perturbation on the free-particle
Hamilfonian, cer - p + mc?. This procedure is not accurate for low-lying interme-
diate states but is satisfactory for higher states in the continuum. To circumvent )
this difficulty, FW split the range of « values at some convenient intermediate
point 8. For k < 8 u, the dipole approximation can be made in computing WX,
for A = 1,2, and this term then yields the Bethe contribution. For k > 8 the
intermediate states can be approximated by plane wave states, and the contribu-
tion evaluated. After lengthy calculations, done in two different ways, French in
his dissertation obtained for the case of a Coulomb field, edb =V, A =0, the
followtng result for the level shift:

o e

3

(5.8.22)

Here cx. is the Bethe lower limit. The second term has the characteristic form of
a spin-orbit coupling and corresponds to the Schwinger result that the electron has
an anomalous magnetic moment. If the electron is assumed to possess an additional

spin magnetic moment 552, then the term

eh
sz—eﬁ—a (% + %Xv)-&[—s o~ s rXp} (5.8.23)

must be added to the Hamiltonian. When there is no external magnetic field
present, € = 0. Hence the second term in eq. (5.8.22) indicates that the electron
behaves as if it had an additional contribution to g/2 of magnitude

6= —. _ (5.8.24)
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By the spring of 1948 four Lamb shift calculations had been completed:
by French and Weisskopf, by Kroll and Lamb, by Schwinger, and by Feynman.
The first sets of authors had used a hole-theoretic approach. Schwinger and Feyn-
man, on the other hand, had used four-dimensional covariant methods, and had
found that the radiative corrections to the motion of an electron in an external elec-
tromagnetic field (¢, A) due to quanta of energy greater than &;, where

Ry < k| <& mc?,

added to the one-particle Hamiltonian a term

H = & iZDZ (qb-'a-A){l 2

! 3nfic \mc e. I k, ¢—m
' (5.8.25)

e & .
Zﬁﬁc%ﬁ(u H—ioe-€),
where [ is the d” Alembertian
1 42
PV o 8.

O o (5.8.26)

& is the external magnetic field, # = V X A, and € is the external electric field.
The constant g was 5/8 according to Feynman, 3/8 according to Schwinger.

If eq. (5.8.25) is combined with the effect of the quanta of energy less
than k&, the level shift for the case of a Coulomb field (A=0—ep =Ze? / r)is
given by .

8 (Y z* m2 '
W ) RyZ (I 4o —
37 (ﬁc) Ry e (“16.721Ry22 Ta 1"2)
forS-states (5;8.27)
8 (&2  z* 3
W = — — — _— »
3 (ﬁc)Ry w (se(e+ naErnt Tt N)
for €20  (58.28)

(N is the small contribution from eq. 5.6.9 for £ = 0). The value of a found by these
various authors is given in table 5.8.1 taken from Bethe’s 1948 Solvay report.*? The
contribution — 1 to a in the table is that due to the Uehting term.
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Table 5.8.1
Results for 25 state of hydrogen, in megacycles.
Author Value of a Shift of 25 25=2p
- Schwinger 3/8 = 0.375 1003.13 1016.11
Feynman with : . .
polarization - 5/8—-1/5 = 0425 1009.91 1022.89
Feynman without : ‘ .
polarization 5/8 = 0625  1037.03 1050.01
Lamb 3/4-1/5 =055 102686 1039.84
Weisskopf and French 5/6 —1/5 = 0.633 1038.15 1051.13
Lamb without polarization 3/4 = 0.750 1053.98 1066.96

French and Weisskopf were the first to arrive at the correct result. There
then followed what Weisskopf has called a “tragicomical” episode (Weisskopf
1983, p. 75). FW showed their result to Schwinger and Feynman, who also had
calculated the Lamb shift but, as indicated in table 5.8.1, had found a result dif-
fering from that of FW by a small additive numerical constant. Although in April,
Feynman’s and Schwinger’s answer also differed from each other, by the end of
the summer they had obtained the same answer. Weisskopf lost faith in the ac-
curacy of the FW result. “The trouble was that both of them got the same re-
sult. Having both Feynman and Schwmger against us shook our confidence, and
we tried to find a mistake in our calculation, without success™ (Weisskopf 1983,

p. 75).

In December 1948, Weisskopf wrote Oppenheimer:

1 have not too much to report about e_lcctrodynamics. The present
state is as follows: Schwinger has essentially conformed his cal-
culations 1o the ones of Feynman and given up any fancier re-

quirements than the ones used in Feynman’s calculation and -

therefore gets exactly the same result as Feynman, which as you
know differs from our own. We could locate the trouble to that
extent that the difference between the two methods is an inte-
gral which, with all reasonable methods of evaluating (like the
Feynman method of introducing heavy light quanta) is identi-
cally zero. We do not know the rather subtle reason why we
find some difference at the end, It seems to me, however, that
the Schwinger-Feynman result will be the right one, since it re-
tains relativistically invariant forms during a larger part of the

calculation.®
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Feynman, who had likewise been puzzled by the discrepancy, wrote a
letter to Weisskopf shortly before Christmas 1948 indicating that he felt that the
FW results were incorrect: ,
Maybe this summer... T will try to figure out why we get a dif-
ferent answer for self-energy. The places where there may be
trouble are; '

(1) to use the correction for the radiationless scattet-
ing in the self-energy problem may not be precise, (2) as you
suggest, there may be some error in using a small mass for the
quanta to avoid the lower limit in the integrals. I think it could
all be straightened out very easily if you would calculate the ra-
diationiess scattering problem by your methods. If you still get
5/6, then I think you are wrong; but if you get 5/8 for this prob-
lem and 5/6 for the self-energy problem, I resign. In addition,
if the latter turns out to be the case you will be able to see what
the difference is in the two problems which leads to the different |
numerical value. Alternatively I could calculate this self-energy
problem with much greater precision and verify that my meth-
ods of calculating the radiationless scattering first and simply
transferring the results is O.K.**

The puzzle was finally resolved by French: “The source of discrepancy is
the way in which the joining to the Bethe non-relativistic resuit is done.” Feynman
in his caiculation had given the photons a small mass A and integrated down to
k = 0 and had obtained a level shift proportional to (In m/A — 3/8) (0|V2V|0).
However, care must then be exercised in calculating and joining the contributions
of the longitudinal photons—for which retardation effects cannot be neglected—
with the nonrelativistic result of Bethe. Feynman had not taken into account this
nonrelativistic longitudinal contribution, which does not vanish when the joining
is made with a nonvanishing photon mass A.%° :

In a footnote to his positron theory paper, Feynman (1949b) noted that FW
repeatedly pointed out to him that his published result for the Lamb shift (Feynman
1948b) “was in error.” Feynman went on to say that: “The author feels unhappily
responsible for the very considerable delay in the publication of French’s result
occasioned by the error.” The delay in FW publishing their result resulted in Kroll
and Lamb’s calculation appearing in print a few months earlier than FW’s* (Kroll
and Lamb 1949), & _

Interestingly, the same joining mistake as Feynman’s had been made by
Schwinger. The delay in the publication of French and Weisskopf's result was also
due to a disagreement with Schwinger’s result. John Blatt who was at MIT at the
time recalls asking Julian Schwinger for the reason of the disparity and he “dis-
tinctly remembers Schwinger s shrug of the shoulders, along with words somewhat
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like: “Well, if you do not keep the calculation explicitly covariant, anything can
happen.”¥ Later on, after Schwinger’s mistake had been discovered Weisskopf
told Blatt, “Er ist zum Kreuze gekrochen,” referring to the “crawling to the cross”
at Canossa in the investiture contest with the pope.*® Schwinger also acknowl-
edged his responsibility for the delay in the publication of FW’s calculation—but
much less forthrightly than Feynman had—in a letter to the editer reporting on his
results on the radiative corrections for the Coulomb case (Schwinger and Feldman
1949).% .

As Weisskopf was to remark, “Self-confidence is an important ingredient
that makes for a successful physicist™ (Weisskopf 1983, p. 75).

This failure of nerve robbed Weisskopf of the credit he so richly deserved
in being the first, with French, to calculate relativistically the value of the Lamb
shift. Weisskopf had taken seriously the discrepancy between the Dirac theory and
the experimental data of Houston and R. C. Wiiliams on the spectrum of hydrogen,
and he was the first to recognize that a hole-theoretic calculation of the 25 — 2p
level shift could be carried out. In fact, he had put French to work on the problem
in October 1946, well before he knew of Lamb’s experiment.

5.9 Radiative Correction to Scattering

Bethe’s calculations had indicated that in hole theory, after mass.renor-
malization, a finite value would be obtained _for the radiative corrections (to order
€?) to the energy levels of an electron in a bound state in a Coulomb field.

The question immediately arose whether the radiative corrections to the
cross section for the scattering of electron in a Coulomb field would also be finite.
Since the cross section is an observable quantity, a satisfactory theory must give
a finite value for it. That a finite result would be obtained was almost guaranteed,
since a close relation exists between shifts in energy levels and radiative correc-
tions to scattering. If (p'|V|p) is the matrix element of the unperturbed potential for
scatiering from p to p’ and (p’|8V |p) the radiative corrections to it, then the level
shift for the state y(p) is given by

AE = J dBP'I d®py* (")’ |5VIp)i(p) (59.1)

according to perturbation theory. ‘

Since a finite result had been obtained for AE it was likely that (p'|6Vp)
would also be finite. On the other hand, Dancoff had calculated (p’|8V|p) in
1938/39 and had obtained a divergent expression for it (Dancoff 1939).

Oppenheimer gave the problem of calculating the radiative corrections to
the radiationless scattering cross section of an electron by a Coulomb field to Hal
Lewis at the end of the summer of 1947. Lewis, together with Robert Finkelstein,



