
Physics 139: Problem Set 13 solutions

May 2, 2014

Hartle 21.8

Calculate Rτ̂ r̂τ̂ r̂ for the Schwarzschild metric in the frame of the freely falling observer in (20.81).
To do this first calculate Rαβγδ in the Schwarzschild coordinate basis, and then use (21.24) to get
the component in the freely falling frame. Does your answer agree with (21.30a)?

Rτ̂ r̂τ̂ r̂ = gασR
σ
βγδ(eτ̂ )α(er̂)

β(eτ̂ )γ(er̂)
δ

=
(
gttR

t
βγδ(eτ̂ )t + grrR

r
βγδ(eτ̂ )r

)
(er̂)

β(eτ̂ )γ(er̂)
δ

Since eτ̂ and er̂ only have components in the r and t coordinate directions, we need only consider
the following components of the Riemann tensor

Rtrtr =
2M

r2(r − 2M)
, Rrtrt =

2M(2M − r)
r4

(the other necessary components are related to these by antisymmetry of the last two indices).
Plugging into the above using

(eτ̂ )α =
{

(1− 2M/r)−1,−(2M/r)1/2, 0, 0
}
, (er̂)

α =
{
−(2M/r)1/2(1− 2M/r)−1, 1, 0, 0

}
we recover (21.30a)

Rτ̂ r̂τ̂ r̂ = −2M

r3

Hartle 21.11

Problem 8.12 introduced the two-dimensional hyperbolic plane and claimed it has constant negative
curvature. Does it? Calculate R ≡ Rαα for this two-dimensional geometry to find out.

The metric for the two-dimensional hyperbolic plane is

ds2 = y−2
(
dx2 + dy2

)
, y ≥ 0

The non-zero Christoffel symbols are

Γxxy = −Γyxx = Γyyy = −1/y
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Since the metric is diagonal, we only need the diagonal components of the Ricci tensor

R = y2 (Rxx +Ryy) = y2
(
Rkxkx +Rkyky

)
= y2

(
Ryxyx +Rxyxy

)
Ryxyx = Γyxx,y − Γyyx,x + ΓyyiΓ

i
xx − ΓyxiΓ

i
yx

= Γyxx,y + ΓyyyΓ
y
xx − ΓyxxΓxyx

= − 1

y2
− 1

y2
+

1

y2

= −y−2

and

Rxyxy = Γxyy,x − Γxxy,y + ΓxxiΓ
i
yy − ΓxyiΓ

i
xy

= −Γxxy,y + ΓxxyΓ
y
yy − ΓxyxΓxxy

= − 1

y2
+

1

y2
− 1

y2

= −y−2

Then
R = y2

(
−y−2 − y−2

)
= −2

so that the two-dimensional hyperbolic plane does, in fact, have constant curvature.

Hartle 21.12

a) For the wormhole metric (7.39), calculate the components of the Riemann curvature in an
orthonormal basis whose vectors point along the (t, r, θ, φ) coordinate axes.

b) Show that a stationary observer at the wormhole throat feels no tidal gravitational forces.

c) Show that an observer moving radially through the throat with speed V as measured by a
stationary observer at any point along its trajectory, experiences tidal gravitational forces
proportional to V 2.

d) How do these tidal forces depend on the radius of the throat? What combination of b and V
would make for a survivable trip through the wormhole?

a)

The components of the Riemann curvature in an orthonormal basis pointing along the (t, r, θ, φ)
coordinate directions are found in the same way as in the previous problem in the Schwarzschild
geometry. The non-vanishing components are

Rθ̂φ̂θ̂φ̂ = −Rr̂θ̂r̂θ̂ = −Rr̂φ̂r̂φ̂ =
b2

(r2 + b2)2
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in which we have used the components of the orthonormal basis in the coordinate directions

(et̂)
α = {1, 0, 0, 0}

(er̂)
α = {0, 1, 0, 0}

(eθ̂)
α =

{
0, 0, (b2 + r2)−1/2, 0

}
(eφ̂)α =

{
0, 0, 0, (b2 + r2)−1/2(sin θ)−1

}
b)

Stationary observers have only t-components of their four-velocities. But there are no t-components
of the Riemann tensor. The right hand side of the equation of geodesic deviation therefore vanishes.

c)

The four-velocity of an observer falling radially is given by (8.21). Expressed in terms of the velocity
V measured by a stationary observer, this is

uα̂ = {γ, γV, 0, 0}

where γ = (1 − V 2)−1/2. (A simple way to see this is to note that the (t, r) part of the metric is
like flat spacetime.) Then, for instance,

(∇u∇uχ)θ̂ = −Rθ̂
r̂θ̂r̂

(
ur̂
)2
χθ̂ = (γV )2

b2

(r2 + b2)2
χθ̂

proportional to V 2 as advertised.

d)

The tidal forces are largest at the smallest r which is 0. To survive traversing the wormhole
(V 2/b2)× (length of the observer)×(mass of the observer) must be less than the maximum tolerable
force. For maximum survivability it’s best to go through a large wormhole, and slowly.

Hartle 21.15

Calculate RAB for the metric on the sphere

ds2 = a2
(
dθ2 + sin2 θdφ2

)
Work through this problem by hand to make sure you understand how to do it without the computer
program.

First calculate the non-zero Christoffel symbols.

Γθφφ = − sin θ cos θ, Γφφθ = cot θ

The Ricci curvature components are
RAB = RCACB
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In particular,

Rθθ = Rφθφθ = −Γφφθ,θ + ΓφφCΓCθθ − ΓφθCΓCθφ

= −Γφφθ,θ − ΓφθφΓφθφ

= csc2 θ − cot2 θ

= 1

Continuing on,
Rθφ = RCθCφ = gACRAθCφ = 0

because the inverse metric is diagonal and each pair of indices of the Riemann tensor are anti-
symmetric. Finally,

Rφφ = Rθφθφ = Γθφφ,θ − Γθθφ,φ + ΓθθAΓAφφ − ΓθφAΓAφθ

= Γθφφ,θ − ΓθφφΓφφθ

= sin2 θ − cos2 θ + cos2 θ

= sin2 θ

Hartle 21.17

(The Schwarzschild geometry satisfies the Einstein equations.) Insert the Christoffel symbols for
the Schwarzschild geometry into (21.33) and evaluate. You should find that Rαβ = 0 identically for
each of the ten possible combinations of α and β, thus proving that the Scharzschild geometry is a
solution of the empty space Einstein equations.

Just do the algebra. Answer is in the question.
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